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We provide a physically motivated definition for the binding energy (or bond-dissociation) of a bipartite
quantum system. We consider coherently applying an external field to cancel out the interaction between the
subsystems, to break their bond and separate them as systems from which no work can be extracted coherently
by any cyclic evolution. The minimum difference between the average energies of the initial and final states
obtained this way is defined as the binding energy of the bipartite system. We show the final optimal state is a
passive state. We also discuss how required evolution can be realized through a sequence of control pulses. We
illustrate utility of our definition through two examples. In particular, we also show how quantum tunneling can
assist or enhance bond-breaking process. This extends our definition to probabilistic events.
PACS numbers: 31.10.+z, 02.30.Yy, 73.40.Gk, 03.75.Hh
I. INTRODUCTION
Binding energy (BE) or bond-dissociation energy is a
prevalent concept in various branches of science such as phys-
ical chemistry, atomic physics, nuclear physics, and gravita-
tion. Colloquially, e.g., in chemistry, BE is defined as the
energy needed to fully decompose a composite material into
its constituent elements (in a mole of material). Some ex-
amples where BE can be relevant are ionization of an atom,
alpha particle decay [1], or dissociation of molecules. In
addition to advanced measurement techniques, there exist
numerical methods in physical chemistry—e.g., the finite-
difference Poisson-Boltzmann electrostatic method—to the-
oretically compute BE for materials [2].
In classical systems, BE is attributed to the forces that
bound elements of a composite system together [3]. How-
ever, with the recent advent of nanotechnology and engineer-
ing small-scale systems, it seems important to revisit the con-
cept of BE for systems where quantum effects prevail [4–7].
In particular, quantum coherence and quantum correlations
have a role in physical and chemical evolutions since they
contribute to energy exchange and thermodynamics of quan-
tum systems [8, 9]. Additionally, it has also been argued that
quantum tunneling may be employed in some dynamical evo-
lutions [1] or chemical reactions in order to reduce required
initial energy in some bond-breaking processes [4].
Various technical tools have been developed in order to in-
vestigate control and manipulation of quantum systems. For
example, optimal control theory (OCT) introduces techniques
based on variational optimization and differential geometry
to obtain optimal approaches to achieve a target in quantum
systems [1, 10–20], e.g., by coherently applying appropriate
control fields such as lasers pulse trains [21, 22].
Here we introduce a definition for the BE of a quantum
bipartite system and propose methods to (optimally) break a
bond in a composite system. We restrict ourselves to unitary
processes during which a bond breaks due to work extraction.
We consider several scenarios for breaking a bond by external
control, and discuss optimal or close-to optimal control strate-
gies. In particular, we focus on photodissociation where a
bond breaks through absorption of photons generated by suit-
able laser pulse trains [23].
This paper is organized as follows. We start by briefly re-
viewing, in Sec. II, how control of a quantum system affects
it. In Sec. III, we present and motivate a definition for BE .
In Sec. IV, we obtain optimal state and coherent evolution
for bond breaking. This section also includes discussions of
an example of bond breaking in an atom-cavity system. We
discuss the impact of quantum tunneling in bond breaking in
Sec. V. The paper is summarized in Sec. VI.
II. CONTROLLING A QUANTUM SYSTEM
Let us assume that we manipulate a quantum system (S)
with an external control agent or apparatus (C), which is an-
other classical or quantum system. The Hilbert space of the
composite system is H SC = H S ⊗HC. It is known that the
total Hamiltonian of this composite system is given by
HSC(λ,g; t) = HS(λ; t) +HC +Hint(g; t). (1)
Here HS(λ; t) indicates the system Hamiltonian, which may
depend explicitly on time as well as some other structural pa-
rameters λ (e.g., size of the box for particle in a box). The
Hamiltonian of the controller is shown by HC, which for sim-
plicity we assume to be time-independent. The interaction
Hamiltonian Hint(g; t) is the main player in controlling sys-
tem S, which itself may depend on time and some structural
parameters g given by the physics of the two systems S and C
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FIG. 1. Schematic of a system under control by another system.
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2and how they interact (e.g., an electron and an electric field)—
see Fig. 1.
Note that although the Hilbert space after the control
is H SC, in general interaction of the system and the con-
troller can yield a different control-induced decomposition as
H SC = H S1 ⊗ H S2 ⊗ . . .HC′ , where new physical parties
may be produced and the control system may also drastically
vary. Evolution of each product or party (` ∈ {S1, . . . ,C′})
is then given by a dynamical equation obtained by reducing
(tracing out) the total dynamical equation [24],
∂
∂t
%`(λ,g; t) = −i[H(eff)` (λ,g; t), %`(λ,g; t)] +L`(λ,g; t),
(2)
where (and henceforth throughout the paper) we have as-
sumed ~ ≡ 1. Here the density matrix %` = Tr¯`[%SC], with
¯`= {SC} − {`}, describes the quantum state of party ` and
H
(eff)
` = H` + ∆H`, (3)
is the effective Hamiltonian of party `, which is the Hamilto-
nian H` originally attributed to party ` renormalized by the
correction ∆H` due to all remaining parties (¯`). This effec-
tive Hamiltonian describes the coherent part of the dynamics.
In addition to this part, there is an L` which encompasses in-
coherent (i.e., nonunitary) part of the dynamics of the party
which incorporates correlations and interactions with other
parties [24, 25].
However, under some specific condition the dynamics of a
controlled system can still be described coherently. Consider
the following conditions: (i) the applied control, e.g., a field, is
sufficiently weak (‖Hint(g)‖  ‖HS(λ)+HC‖, where ‖·‖ is
the standard operator norm); (ii) the control-induced decom-
position of the total Hilbert space is still the same as the de-
composition before control; and (iii) the change in the control
system C is not appreciable or of interest (thus it can be sim-
ply ignored), then the contribution of the incoherent term in
the dynamics of system S may be negligible, ‖L`(λ,g)‖ ≈ 0.
Under such conditions, the action of the control on the system
can be effectively recast as a change of the system Hamiltonian
as
H
(eff)
S (λ,g; t) = HS(λ; t) + V (g; t), (4)
where V is a Hamiltonian associated with the applied control
field, acting onH S. In this regime, varying the system Hamil-
tonian, by changing λ in the unperturbed system Hamiltonian
HS or by changing g in the applied field V , can yield a target
dynamics for the system. As a remark, note that in some sense
weakness of the control also implies weakness of V with re-
spect to HS.
It will be helpful to consider a simple physical example; in-
teraction of light (e.g., a laser or electric field Eˆ) and matter
(e.g., an atom) [26]. When the atom has only two energy lev-
els, the field is single-mode almost at resonance with the atom
(ω ≈ 2− 1), and it is sufficiently weak so that the dipole ap-
proximation suffices (Hint = −Dˆ·Eˆ, with Dˆ being the dipole
moment operator of the atom), the total Hamiltonian of this
atom-field system can be described by the Jaynes-Cummings
model,
HSC = HS+HC+g(e−iωtaˆ⊗|e〉〈g|+eiωtaˆ†⊗|g〉〈e|), (5)
where HS =
∑
i i|i〉〈i|, i ∈ {e, g} is the Hamiltonian of the
atom, and HC = ω(aˆ†aˆ+ 1/2) is the field Hamiltonian, with
aˆ being the bosonic annihilation operator of the field mode.
In the coherent regime, if the field is classical, we can say
its action on the atom is given by the potential V (g, ω; t) =
g(eiωt|g〉〈e|+e−iωt|e〉〈g|), which induces transitions between
the atomic energy levels and g is the coupling strength. In-
deed, this approach is taken in elementary considerations of
how an atom interacts with an electric field and yields the Rabi
oscillation which presents the emission and absorption of the
photon between atom and field periodically. Hence, it mimics
the binding energy between field source and atom [26, 27].
III. BE OF BIPARTITE QUANTUM SYSTEMS
Consider a composite bipartite system S, comprised of two
parts A and B. The associated Hilbert spaces of the sub-
systems and the composite system are denoted by HA, HB,
and H S = HA ⊗ HB. The free Hamiltonians of the sub-
systems A and B are given by HA =
∑dA
i=1 
(A)
i |i〉A〈i| and
HB =
∑dB
i=1 
(B)
i |i〉B〈i|. The Hamiltonian of the composite
system AB is assumed to be
H = Hfree +Hint, (6)
where Hfree = HA +HB is the free Hamiltonian of the com-
posite system, and Hint describes the interaction between the
subsystems. We assume the spectral decomposition Hfree =∑d
γ=1 γ |Φγ〉〈Φγ |, where d = dAdB = dim(H S), γ ≡ (i, j)
with i ∈ {1, . . . , dA} and j ∈ {1, . . . , dB}, γ ≡ (A)i + (B)j ,
and |Φγ〉 ≡ |i〉A|j〉B are the eigenstates of the free Hamil-
tonian (also known as the “bare states”). Similarly, we as-
sume the spectral decomposition H =
∑
γ E
[D]
γ |Φ[D]γ 〉〈Φ[D]γ |
(where |Φ[D]γ 〉 are called “dressed states”).
The instantaneous state of the composite system at any time
%(t) can be represented as [28]
%(t) = %A(t)⊗ %B(t) + χ(t), (7)
where %A and %B are the reduced density matrices of the sub-
systems, and χ denotes correlations, classical or quantum, in
the composite system. Note that TrA[χ] = TrB[χ] = 0. In ad-
dition, the (“average” or “internal”) energy associated to the
system is given by U(t) = Tr[H(t) %(t)].
To dissociate parts A and B, a suitable time-dependent po-
tential V (t) is applied which modifies the Hamiltonian as
H → H(t) ≡ H(V (t)), (8)
such that V (0) = 0 andH(V (0)) ≡ H and at the dissociation
time tf where again V (tf) = 0 the interaction part (Hint) is
turned off, i.e., H(V (tf)) = Hfree. The energy change of the
system during this process is given by
U(tf)− U(ti) = Tr[%(tf)H(tf)]− Tr[%(0)H(0)]. (9)
3AB A B
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FIG. 2. Coherent separation of a composite system (e.g., a molecule)
into its subsystems by applying an external field V (t).
Here %(t) depends on the applied external control field V (t)
through the evolution equation
∂%(t)
∂t
= −i[H(V (t)), %(t)], (10)
or equivalently through
%(t) = U(t)%(0)U†(t), 0 6 t 6 tf , (11)
where the evolution is given by U(t) = Te−i
∫ t
0
H(V (s)) ds
and T is the time-ordering operation. This evolution for a
controllable composite system of dimension d belongs to the
unitary group U(d).
Now, it is natural to define the BE as the optimal energy
required to eliminate the interaction Hamiltonian of the com-
posite system in a coherent manner, i.e.,
∆UBE = min
tf ,V (t)
[
Tr[%(tf)H(tf)]− Tr[%(0)H(0)]
]
(12)
=Tr[%(opt)(t
(opt)
f )Hfree]− Tr[%(0)(Hfree +Hint)].
To lighten the notation, henceforth we denote the optimal time
t
(opt)
f with tf and the optimal state %
(opt)(tf) with %(tf).
Several remarks are in order. (i) The minimization over
time is important because if bond breaking takes too long, the
composite system may experience decoherence due to envi-
ronmental interactions. This optimization can be performed
by employing Pontryagin’s maximum principle [11], which
enables us to find the optimal control field for minimum time.
(ii) The last term in Eq. (12) is the initial internal energy of
the composite system, which is fixed and given; hence, we
only need to vary the final state and the Hamiltonian to find
the BE—the energy needed for dissociation. Note that the
sole result of this evolution should be effectively neutraliz-
ing the interaction Hamiltonian. That is, the final Hamilto-
nian should be equal to the free Hamiltonian of the system,
H(tf) = Hfree. This yields that the average energy of the
final state is
U(tf) = Tr[%A(tf)HA] + Tr[%B(tf)HB]. (13)
(iii) It is evident that the value of U(tf) is independent of
the correlations χ. Thus with this definition of the BE , non-
interacting subsystems may still be correlated. Nevertheless,
the optimization of Eq. (9) guarantees that the final state of
the system is a passive state, from which by definition it is
impossible to extract any work in a cyclic process [7]. That is,
all work-generating correlations have already been eliminated
from the final state, and thus the residual correlations can only
yield heat. To remove such leftover correlations one should
employ strategies which may require sophisticated handling
of the state in a nonunitary fashion.
IV. OPTIMIZATIONS
A. Optimal final state %(tf)
As remark in the previous section, the optimization (12)
can be performed by varying %(tf) over the achievable orbit of
%(0) via unitary transformations. The kinematical extremum
of U(tf) is determined by the eigenvalues of Hfree as well as
the eigenvalues of %(tf).
We recall that the evolution of the state %(t) is unitary, given
by Eq. (11), where U(t) ∈ U(d). To have an extremum
for the final energy U(tf) = Tr[%(tf)Hfree], it is necessary
that the final density matrix %(tf) commute withHfree; that is,
%(tf) should be diagonal in the eigenbasis of Hfree [7],
%(tf) =
∑
γpγ |Φγ〉〈Φγ |. (14)
Here the probabilities pγs are the eigenvalues of the initial
density matrix %(0). The maximum and minimum values of
U(tf) belong to the finite set S = {p ·  : p ∈ Π(p),  ∈
Π()}, where Π(x) denotes the set of all permutations of
x = (x1, x2, . . . , xd) ∈ Rd. The maximum of the set S cor-
responds to the case where both vectors p and  are nonde-
creasing or nonincreasing, and its minimum is obtained when
either of them are nondecreasing (x↑γ 6 x↑γ+1, ∀γ) while the
other one is nonincreasing (x↓γ > x↓γ+1, ∀γ),
p↓ · ↑ = p↑ · ↓ 6 p ·  6 p↓ · ↓. (15)
Thus, minimizing the final energy U(tf) leads to the passive
state which is in the form of Eq. (14), where pγ > pγ+1 with
γs ordered such that γ 6 γ+1, ∀γ. As a result, we obtain
∆UBE =
∑
γpγγ − U(0). (16)
B. Optimal evolution U(t)
Here we discuss general unitary evolutions of arbitrary ini-
tial states towards desired final states by employ OCT tech-
niques. We start with simple cases:
(i) Maximally-mixed initial state: Consider the initial state
%(0) = I/d. Because of the unitarity of the evolution, this
state remains unchanged during the evolution.
(ii) Pure initial state: This initial state results in a pure pas-
sive state which is the ground state of the final dissociated
system. If we denote the initial state of the composite sys-
tem with |Ψα〉, the corresponding unitary transformation to
the ground state of the dissociated system (|Φ1〉) becomes
U(α)(tf) = |Φ1〉〈Ψα|+
∑d
γ=2|Φγ〉〈Ψα(γ)|, (17)
where
∣∣Ψα(γ)〉s are states orthonormal to |Ψα〉, and α(γ) has
a one-to-one and regular relation with γ. Since Eq. (17) is
4independent of the transformation path it is not uniquely iden-
tified. The orthogonal vectors to
∣∣Ψα(γ)〉 are in a (d − 1)-
dimensional subspace of the d-dimensional space, thus infi-
nite sets of orthogonal sub-basis {∣∣Ψα(γ)〉 : γ = 2, . . . , d−1}
can be found. The optimization process includes calculation
of the unitary transformation U(t) with minimum dissocia-
tion time tf .
(iii) Thermal initial state: In the dressed-state basis, this
initial state is represented by
%(0) = (1/Z [D])
∑
αe
−βE[D]α |Φ[D]α 〉〈Φ[D]α |, (18)
where β = 1/(kBT ) is the inverse temperature (with kB as the
Boltzmann constant), and Z [D] =
∑
α e
−βE[D]α is the partition
function of the composite system in the dressed basis. The
optimal final state becomes
%(tf) = (1/Z
[D])
∑
γe
−βE[D]γ |Φγ〉〈Φγ |, (19)
and the optimal unitary transformation is
U(α)(tf) =
∑
γ |Φγ〉〈Φ[D]α(γ)|. (20)
It is evident that this state differs from the thermal state in the
bare basis.
Since the BE and the corresponding unitary transformation
are obtained, one only needs to obtain the optimal control po-
tential in minimum time. A remark is in order here. After re-
moving the interaction HamiltonianHint, we shall argue OCT
techniques that the optimal unitary transformation for reach-
ing a desired passive state can be determined by a proper laser
pulse train—see appendix A. However, as we later argue in
Sec. V, in some particular dissociation processes related to
a quantum tunneling and/or photo-ionization, the laser pulse
controlling can also lead to removing the interaction Hamil-
tonian. In fact, in the tunneling case, the dissociation is en-
hanced by the quantum tunneling effect.
The unitary transformations U(tf) are from unitary group
eL generated by Lie algebra L defined by the Hamiltonian
of the system. The dynamics of the evolution U(tf) obeys
the Schro¨dinger equation and depends on a control potential
V (t). The transformation U(tf) is reachable kinematically
for some control potential. Here, we focus on attainable con-
trols that can be realized by a suitable laser pulse train. In this
method, the upper bound on the applied field V (t) is often
limited by the laser power, and its lower bound is determined
by the intensity modulator extinction ratio (M−ij /M
+
ij as de-
fined below). The rise and fall time of the potential switching
is also limited by the frequency response of the laser intensity
modulator (N∓ij ), which is the frequency which determines
how fast one can change the laser intensity. Thus, for a pulse
train which creates different dipole interactions between lev-
els |Φ[D]i 〉 and |Φ[D]j 〉 (Vij), we have the following constraints:
M−ij 6 Vij(t) 6M+ij , (21)
N−ij 6
dVij(t)
dt
6 N+ij . (22)
The cost function in this optimal control problem is the time
minimization
tf =
∫ tf
0
dt, (23)
subject to the dynamical equation (10) and with some other
constraints. Time minimization of this optimal process can
be obtained by Pontryagin’s maximum principle. This princi-
ple states that at any instant of time, the optimal control must
maximize the corresponding system “control Hamiltonian”H.
This Hamiltonian is given by introducing conjugate variables
λn, λ
′
n 6=0; n ∈ {0, (i, j)} and i, j ∈ {1, . . . , d} in the follow-
ing form:
H = λ0f0 +
∑d,d
i,j=1(λijfij + λ
′
ijRij), (24)
where fnms are the elements of the left-hand side of Eq. (10)
in the dressed states, and Rnm as control parameter of control
Hamiltonain is the nmth element of the time derivative of the
control potential V . At first glance, according to Eq. (10), the
elements of V (t) seem to be control parameters of the system.
However, since practically jump with infinite tilt is impossi-
ble, rather than Vij , the modulation bandwidth of the laser
pulses Rij are the more suitable control parameters. Since
the control Hamiltonian is linear versus the control parame-
ters (d/dt)Vij(t) = Rijs, according to Pontryagin’s maxi-
mum principle, the control Rijs are of the bang-bang type
[12]. More rigorously, one can see that H = A +
∑
σijRij
is maximized when Rij acquires its maximum or minimum
based on the sign of the σij . The explicit form of A and σij
can be easily derived by Eq. (24). Hence, the optimal control
problem is reduced to a two-point (initial and final) boundary
value problem. This considerable reduction makes the control
problem amenable to laser pulses to steer the system from its
initial state to the desired target state in minimum time [30].
C. Example: Atom-cavity
We now consider an examples where breaking the bond re-
leases energy and the initial state of the system is pure, thus
the correlation removing is plausible.
Consider a system consisting of a two-level atom and a cav-
ity interacting with the Jaynes-Cummings Hamiltonian,
H =
1
2
ωA σz +
1
2
ωB aˆ
†aˆ+ g (σ+ ⊗ aˆ+ σ− ⊗ aˆ†), (25)
where σz is the z-Pauli matrix, σ± = σx ± iσy (with σx and
σy being the other Pauli matrices), aˆ (aˆ†) is the annihilation
(creation) operator of the cavity, ωA is the energy gap of the
atom, ωB is the resonance frequency of the cavity, and g is
the coupling strength. Note that unexcited atom-cavity sys-
tem experiences no interaction, hence no binding energy—a
case which may appear in rare gas halogenide molecules [31].
Here we assume the atom-cavity molecule in the strong cou-
pling regime and that only one photon contributes to the evo-
lution [32]. Thus, the eigenstates of this Hamiltonian (dressed
states) are limited to {|0, g〉 , |±〉 , |1, e〉}, where
|+〉 = cosφ |0, e〉+ sinφ |1, g〉 , (26)
|−〉 = − sinφ |0, e〉+ cosφ |1, g〉 , (27)
5(a) (b)
x
FIG. 3. (a) By changing the position of the optical tweezer the atom
is moved to a node in the cavity, where the interaction Hamiltonian
is off. (b) By turning off the optical tweezer the atom leaks out of the
cavity.
with tan(φ/2) = 2g (ωA − ωB) [26]. The atom-cavity sys-
tem prepared in either of the dressed states remains there for-
ever unless the interaction is interrupted. Considering that the
initial system state to be the non-passive state |+〉 or |−〉,
the atom-cavity molecule dissociation occurs when both the
interaction and the quantum correlation (here entanglement)
are switched off. Assuming the atom is trapped in the cavity
by an optical tweezer [33]. By properly changing the opti-
cal tweezer’s beam waist position with respect to the trapped
atom’s position, the atom can gain a desired velocity after
switching off the optical tweezer and thus will exit the cavity
[34]. As depicted in Fig. 3, along the cross section of the cav-
ity center the coupling strength is almost constant. If one ad-
justs the velocity of the atom such that φ(τ) = npi for n ∈ N
(τ = x/v is the flying time through the cavity and v is the
velocity) for the initial states |+〉 (|−〉), the final state of the
atom-cavity becomes the bare state |0, e〉 (|1, g〉), respectively
[see Eqs. (26) and (27)]. This state still needs to be passivated.
In the case of |1, g〉, by employing a proper pulse on the atom,
the passive state |0, g〉 can be generated [35]; in the case of
|0, e〉, the photon can escape from the cavity by changing the
cavity resonance frequency, e.g., by activation of a saturable
absorber in the cavity. As a result, this scenario can lead to
the final passive state, which is the requirement of the bond
breaking of the atom-cavity system.
V. TUNNELING-INDUCED BOND BREAKING
A. General considerations
In addition to active control by laser pulses, it has also
been demonstrated that “quantum tunneling” may be an effec-
tive phenomena in controlling chemical reactions and molec-
ular dissociation [4]. For example, photodissociation of the
formaldehyde H2CO molecule by employing quantum tun-
neling effect has already been reported in Ref. [36]. This
molecule absorbs a UV-Vis photon to get excited to its up-
per electronic level (called “S1”), then it experiences a non-
radiative emission to the upper vibrational levels of the lower
electronic state (called “S0”). Now, the electron has the
chance to tunnel through the potential barrier and thus the
molecule is decomposed to H2 + CO. Another case in which
quantum tunneling results in bond breaking is the α-decay
FIG. 4. A typical potential well with tunneling effect. A hallmark
example of the latter is the “α-decay” event in particle physics [1].
event—see Fig. 4 and Ref. [1].
In some molecules attractive and repulsive forces may re-
sult in a potential barrier and tunneling effect. Alternatively,
one may employ an external field, such as electrostatic and
optical radiation fields, to induce a potential barrier in a bipar-
tite system to control decomposition rate of the system. For
example, electron emission may be induced by tunneling from
a conductor surface in a high electric field [37]. In this case,
the required work for the potential reconfiguration should also
be taken into account in the calculation of the BE .
Figure 4 shows a typical potential barrier. Energy levels
of systems with finite-width barrier can be divided to three
groups: (i) bound levels, for which the tunneling rate is zero,
(ii) tunneling levels with finite tunneling rate, and (iii) un-
bounded levels, where the tunneling probability is one. Tun-
neling transitions in Fig. 4 are of the tunneling/decay group,
where the decay transition is responsible for the depopulation
of higher levels radiatively or nonradiatively. Depending on
the ratio of the tunneling and decay rates of the level, the fol-
lowing behaviors can be discerned:
(i) In a bipartite system with long tunneling time relative
to the decay rate, transition to bound states is faster than
the tunneling-induced decomposition process. In this case,
if tunneling does not occur, the multi-step excitation to tun-
neling states should be performed as long as the decomposi-
tion can happen. For simplicity, here we only consider radia-
tive transitions, which implies that there is no energy dissi-
pation. Thus, populating unbounded levels may energetically
cost more than multi-step excitation of the tunneling levels.
Note that this condition is not dominant, because by modifi-
cation of the width of the potential barrier the tunneling time
can be arbitrarily reduced. Moreover, putting the molecule in
a suitable cavity could increase the decay time.
(ii) When the tunneling rate is greater than the decay rate,
dissociation of the molecule will be observed before the tran-
sition to the bound states.
Note that in both cases, after the tunneling process the lin-
ear momentum of the excited state is precisely determined.
Due to the uncertainty relation, the position can have large
uncertainty; hence, the interaction will practically vanish in
the molecular dissociation process.
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FIG. 5. (a) A potential step V (x) with well width a and height V0,
for x > a. There are 4 bound states (|k〉, k = 1, 2, 3, 4), and no
tunneling occurs here. (b) Modified potential barrier where V (x) =
V0 for a 6 x 6 b and V (x) = V ′0 < V0 for x > b. Here, a =
2.62×10−10m, b = 2.80×10−10m, V0 = 80 eV, and V ′0 = 42 eV,
E1 = 4.2 eV, E2 = 18.9 eV, E3 = 42 eV, and E4 = 72.3 eV.
Since in this paper we have assumed the system to be sub-
ject to unitary evolutions, the initial and final states should
have the same number of populated energy levels. Thus, if the
number of the tunneling levels is less than the number of the
populated levels in the initial state, one may need a multi-step
excitation process until tunneling can happen.
B. Example
Consider an electron of mass me in the step potential de-
picted in Fig. 5 (a). The energy levels E of this potential can
be obtained readily by solving the equation tan(
√
2meE a) =
−√E/(V0 − E) [18]. For specificity, we choose V0 =
80 eV and a = 2.62 × 10−10 m, which gives only 4 bound
states. We also take the initial state of the system in the fol-
lowing mixed state with no coherence:
%i = α1|1〉〈1|+ α2|2〉〈2|, (28)
where α1 > α2 > 0 and α1 + α2 = 1. For a quantum
potential well in this shape quantum tunneling is not allowed
in any energy level. Thus we apply an external control such
that it only changes the potential for x > b by producing a
finite-width barrier—to keep simplicity, we approximate this
modification as in Fig. 5 (b). The barrier width is designed
such that there exist two tunneling states in the system; we
choose b = 2.8× 10−10 m and V ′0 = 42 eV.
Note that in some cases, the system should be excited to up-
per levels; %i → %′i. Since the evolution is unitary, the excited
state %′i has the same dimension as that of the initial one. Let
us denote the number of no-tunneling and tunneling levels, re-
spectively, with nnt and nt. When nt > nnt, the excited state
%′i is diagonal with the same diagonal elements as in %i. When
nt < nnt, the %′i can be written versus the upper nt − nnt no-
tunneling levels and nnt tunneling levels. In such states the
decomposition is a multi-step procedure. Overall, this is the
initial state %i that determine which scenario applies.
In our case, nt = nnt and %′i is written versus all tunneling
state basis. To find the best configuration of the excited state
%′i, the tunneling probability of each tunneling level is needed.
This probability, given by P = e−2
∫ b
a
√
2me(V0−E) dx in
WKB approximation [18], for the first tunneling state [|3〉 in
Fig. 5 (a)] and the second tunneling state [|4〉 in Fig. 5 (b)]
can be obtained as P3 = 0.15 and P4 = 0.40, respectively.
The tunneling time of these two levels can also be calculated.
Using WKB [18, 39, 40], we obtain τ3 = 0.65 × 10−17 s for
the level |3〉 and τ4 = 1.31×10−17 s for the level |4〉. In these
calculations, the tunneling rate is defined as the inverse of the
product P (2A/v) with v the speed of the tunneling particle.
As it is clear the tunneling time for both levels is relatively
smaller than the decay time of the system (which is, e.g., of
the order of nano second for Hydrogen).
Although the tunneling probability from the upper tunnel-
ing level (|4〉) is higher, the tunneling time of the lower tun-
neling state (|3〉) is sufficiently short that we do not need to
force the system to the upper tunneling level. With these con-
siderations, the system should be excited to
%′i = α1|3〉〈3|+ α2|4〉〈4|. (29)
It is evident that with this choice less energy is needed to de-
compose the system. The corresponding unitary evolution is
U = |3〉〈1|+ |4〉〈2|+ |1〉〈3|+ |2〉〈4|. (30)
Now, we want to drive the system in the optimal path which
satisfies this unitary evolution and reaches the desired final
state. To do so, we employ laser pulses based on OCT meth-
ods [23, 38]. Specifically, we employ the group decomposi-
tion method of Ref. [30]—see also appendix A for a brief
review—and Pontryagin’s method to determine the optimal
control path in minimum time tf . In the group decomposition,
the unitary operator is decomposed into a product of operators
each of which is illustrative of a laser pulse [29]. Then, the
phase and the total energy of a sequence of laser pulses that
drive the system through the optimal path to the desired state
is calculated through Eq. (A7)—and appendix A. Through the
method of Ref. [30], one can construct the optimal pulse se-
quence by finding appropriate pulses each of which causes a
unitary transition to an upper level.
Our numerical calculations shows that the pulse train for
the evolution of %i to %′i should be applied in the following
sequence
U = U23(t4)U34(t3)U12(t2)U23(t1), (31)
7C12
<latexit sha1_base64="/ nyHVxbzPfZ0Cc7ql3MmodJmArw=">AAAC+HicbVLLbtNA FJ2YVwmvFpZsRqRIFQqRHQmVRYWKiio2iCKaNlJiRTOT m3jUGXvkua5IR/4JtrBgh9jyN/A1jN2A4pQjWff4Ps4cX w83SloMw1+t4Nr1Gzdvbdxu37l77/6Dza2HJzYrcgEDka ksH3JmQckUBihRwdDkwDRXcMrPDqr66TnkVmbpMS4MxJ rNUzmTgqFPDbcPJi7ql9uTzU7YC2vQqyRakg5Z4miy1fo 9nmai0JCiUMzaURQajJ1Vcgq2bI8LC4aJMzaHkacp02Bj V/st6VOfmdJZlvsnRVpnVycc09YuNO/6qBkmVaw6bXdax y7CJxSZNl6qqtvGMNddzvWaBZy9jJ1MTYGQiksHs0JRz Gi1FTqVOQhUC0+YyCVKQUXCcibQ766hJDTP5TzB2pcVTE FhKh47NP7ja5v+7Dfgt5LDoX89ZFqqhXt/HJXOXIjSNcs fE2ZgpapLJ7Fs0wbc3vNX1NJndBT1+i9i6ju13MVVrXf exGtlEsYB3biyVMv9E15T/A/+Ht32tyFa//dXyUm/F3n+ od/Z31neiw3ymDwhOyQiu2SfvCVHZEAEUeQz+UK+BhfBt +B78OOyNWgtZx6RBoKffwB9WuhO</latexit><latexit sha1_base64="/ nyHVxbzPfZ0Cc7ql3MmodJmArw=">AAAC+HicbVLLbtNA FJ2YVwmvFpZsRqRIFQqRHQmVRYWKiio2iCKaNlJiRTOT m3jUGXvkua5IR/4JtrBgh9jyN/A1jN2A4pQjWff4Ps4cX w83SloMw1+t4Nr1Gzdvbdxu37l77/6Dza2HJzYrcgEDka ksH3JmQckUBihRwdDkwDRXcMrPDqr66TnkVmbpMS4MxJ rNUzmTgqFPDbcPJi7ql9uTzU7YC2vQqyRakg5Z4miy1fo 9nmai0JCiUMzaURQajJ1Vcgq2bI8LC4aJMzaHkacp02Bj V/st6VOfmdJZlvsnRVpnVycc09YuNO/6qBkmVaw6bXdax y7CJxSZNl6qqtvGMNddzvWaBZy9jJ1MTYGQiksHs0JRz Gi1FTqVOQhUC0+YyCVKQUXCcibQ766hJDTP5TzB2pcVTE FhKh47NP7ja5v+7Dfgt5LDoX89ZFqqhXt/HJXOXIjSNcs fE2ZgpapLJ7Fs0wbc3vNX1NJndBT1+i9i6ju13MVVrXf exGtlEsYB3biyVMv9E15T/A/+Ht32tyFa//dXyUm/F3n+ od/Z31neiw3ymDwhOyQiu2SfvCVHZEAEUeQz+UK+BhfBt +B78OOyNWgtZx6RBoKffwB9WuhO</latexit><latexit sha1_base64="/ nyHVxbzPfZ0Cc7ql3MmodJmArw=">AAAC+HicbVLLbtNA FJ2YVwmvFpZsRqRIFQqRHQmVRYWKiio2iCKaNlJiRTOT m3jUGXvkua5IR/4JtrBgh9jyN/A1jN2A4pQjWff4Ps4cX w83SloMw1+t4Nr1Gzdvbdxu37l77/6Dza2HJzYrcgEDka ksH3JmQckUBihRwdDkwDRXcMrPDqr66TnkVmbpMS4MxJ rNUzmTgqFPDbcPJi7ql9uTzU7YC2vQqyRakg5Z4miy1fo 9nmai0JCiUMzaURQajJ1Vcgq2bI8LC4aJMzaHkacp02Bj V/st6VOfmdJZlvsnRVpnVycc09YuNO/6qBkmVaw6bXdax y7CJxSZNl6qqtvGMNddzvWaBZy9jJ1MTYGQiksHs0JRz Gi1FTqVOQhUC0+YyCVKQUXCcibQ766hJDTP5TzB2pcVTE FhKh47NP7ja5v+7Dfgt5LDoX89ZFqqhXt/HJXOXIjSNcs fE2ZgpapLJ7Fs0wbc3vNX1NJndBT1+i9i6ju13MVVrXf exGtlEsYB3biyVMv9E15T/A/+Ht32tyFa//dXyUm/F3n+ od/Z31neiw3ymDwhOyQiu2SfvCVHZEAEUeQz+UK+BhfBt +B78OOyNWgtZx6RBoKffwB9WuhO</latexit><latexit sha1_base64="/ nyHVxbzPfZ0Cc7ql3MmodJmArw=">AAAC+HicbVLLbtNA FJ2YVwmvFpZsRqRIFQqRHQmVRYWKiio2iCKaNlJiRTOT m3jUGXvkua5IR/4JtrBgh9jyN/A1jN2A4pQjWff4Ps4cX w83SloMw1+t4Nr1Gzdvbdxu37l77/6Dza2HJzYrcgEDka ksH3JmQckUBihRwdDkwDRXcMrPDqr66TnkVmbpMS4MxJ rNUzmTgqFPDbcPJi7ql9uTzU7YC2vQqyRakg5Z4miy1fo 9nmai0JCiUMzaURQajJ1Vcgq2bI8LC4aJMzaHkacp02Bj V/st6VOfmdJZlvsnRVpnVycc09YuNO/6qBkmVaw6bXdax y7CJxSZNl6qqtvGMNddzvWaBZy9jJ1MTYGQiksHs0JRz Gi1FTqVOQhUC0+YyCVKQUXCcibQ766hJDTP5TzB2pcVTE FhKh47NP7ja5v+7Dfgt5LDoX89ZFqqhXt/HJXOXIjSNcs fE2ZgpapLJ7Fs0wbc3vNX1NJndBT1+i9i6ju13MVVrXf exGtlEsYB3biyVMv9E15T/A/+Ht32tyFa//dXyUm/F3n+ od/Z31neiw3ymDwhOyQiu2SfvCVHZEAEUeQz+UK+BhfBt +B78OOyNWgtZx6RBoKffwB9WuhO</latexit>
C23
<latexit sha1_base64="u DOi4Ykz+lBBygE7dhO7OtXzmUA=">AAAC+HicbVLLbtNA FJ2YVwmPtrBkMyJFqlCI7CBUFggVFVVsEEU0baTEisaT m3jUGXs0c41IR/4JtrBgh9jyN/A1jN2A4pQjWff4Ps4cX 0+ipbAYhr9awZWr167f2LjZvnX7zt3Nre17JzYvDIcBz2 VuhgmzIEUGAxQoYagNMJVIOE3ODqr66UcwVuTZMS40xI rNMzETnKFPDXcOJq7/tNyZbHXCXliDXibRknTIEkeT7db v8TTnhYIMuWTWjqJQY+ysFFOwZXtcWNCMn7E5jDzNmAIb u9pvSR/5zJTOcuOfDGmdXZ1wTFm7UEnXR8UwrWLVabvTO nYRPiHPlfZSVd02hhPVTRK1ZgFnz2MnMl0gZPzCwayQF HNabYVOhQGOcuEJ40ag4JSnzDCOfncNJa4SI+Yp1r4sZx IKXfHYofYfX9v0Z78GvxUDh/71kCkhF+7dcVQ6fc5L1yx /SJmGlaoqncCyTRtwL568pJY+pqOo138WU9+pxB6uar3 1Jl5JnbIE0I0rS7XcP+E1xf/g79Ftfxui9X9/mZz0e5Hn 7/ud/d3lvdggD8hDsksiskf2yRtyRAaEE0k+ky/ka3Aef Au+Bz8uWoPWcuY+aSD4+QeCeehQ</latexit><latexit sha1_base64="u DOi4Ykz+lBBygE7dhO7OtXzmUA=">AAAC+HicbVLLbtNA FJ2YVwmPtrBkMyJFqlCI7CBUFggVFVVsEEU0baTEisaT m3jUGXs0c41IR/4JtrBgh9jyN/A1jN2A4pQjWff4Ps4cX 0+ipbAYhr9awZWr167f2LjZvnX7zt3Nre17JzYvDIcBz2 VuhgmzIEUGAxQoYagNMJVIOE3ODqr66UcwVuTZMS40xI rNMzETnKFPDXcOJq7/tNyZbHXCXliDXibRknTIEkeT7db v8TTnhYIMuWTWjqJQY+ysFFOwZXtcWNCMn7E5jDzNmAIb u9pvSR/5zJTOcuOfDGmdXZ1wTFm7UEnXR8UwrWLVabvTO nYRPiHPlfZSVd02hhPVTRK1ZgFnz2MnMl0gZPzCwayQF HNabYVOhQGOcuEJ40ag4JSnzDCOfncNJa4SI+Yp1r4sZx IKXfHYofYfX9v0Z78GvxUDh/71kCkhF+7dcVQ6fc5L1yx /SJmGlaoqncCyTRtwL568pJY+pqOo138WU9+pxB6uar3 1Jl5JnbIE0I0rS7XcP+E1xf/g79Ftfxui9X9/mZz0e5Hn 7/ud/d3lvdggD8hDsksiskf2yRtyRAaEE0k+ky/ka3Aef Au+Bz8uWoPWcuY+aSD4+QeCeehQ</latexit><latexit sha1_base64="u DOi4Ykz+lBBygE7dhO7OtXzmUA=">AAAC+HicbVLLbtNA FJ2YVwmPtrBkMyJFqlCI7CBUFggVFVVsEEU0baTEisaT m3jUGXs0c41IR/4JtrBgh9jyN/A1jN2A4pQjWff4Ps4cX 0+ipbAYhr9awZWr167f2LjZvnX7zt3Nre17JzYvDIcBz2 VuhgmzIEUGAxQoYagNMJVIOE3ODqr66UcwVuTZMS40xI rNMzETnKFPDXcOJq7/tNyZbHXCXliDXibRknTIEkeT7db v8TTnhYIMuWTWjqJQY+ysFFOwZXtcWNCMn7E5jDzNmAIb u9pvSR/5zJTOcuOfDGmdXZ1wTFm7UEnXR8UwrWLVabvTO nYRPiHPlfZSVd02hhPVTRK1ZgFnz2MnMl0gZPzCwayQF HNabYVOhQGOcuEJ40ag4JSnzDCOfncNJa4SI+Yp1r4sZx IKXfHYofYfX9v0Z78GvxUDh/71kCkhF+7dcVQ6fc5L1yx /SJmGlaoqncCyTRtwL568pJY+pqOo138WU9+pxB6uar3 1Jl5JnbIE0I0rS7XcP+E1xf/g79Ftfxui9X9/mZz0e5Hn 7/ud/d3lvdggD8hDsksiskf2yRtyRAaEE0k+ky/ka3Aef Au+Bz8uWoPWcuY+aSD4+QeCeehQ</latexit><latexit sha1_base64="u DOi4Ykz+lBBygE7dhO7OtXzmUA=">AAAC+HicbVLLbtNA FJ2YVwmPtrBkMyJFqlCI7CBUFggVFVVsEEU0baTEisaT m3jUGXs0c41IR/4JtrBgh9jyN/A1jN2A4pQjWff4Ps4cX 0+ipbAYhr9awZWr167f2LjZvnX7zt3Nre17JzYvDIcBz2 VuhgmzIEUGAxQoYagNMJVIOE3ODqr66UcwVuTZMS40xI rNMzETnKFPDXcOJq7/tNyZbHXCXliDXibRknTIEkeT7db v8TTnhYIMuWTWjqJQY+ysFFOwZXtcWNCMn7E5jDzNmAIb u9pvSR/5zJTOcuOfDGmdXZ1wTFm7UEnXR8UwrWLVabvTO nYRPiHPlfZSVd02hhPVTRK1ZgFnz2MnMl0gZPzCwayQF HNabYVOhQGOcuEJ40ag4JSnzDCOfncNJa4SI+Yp1r4sZx IKXfHYofYfX9v0Z78GvxUDh/71kCkhF+7dcVQ6fc5L1yx /SJmGlaoqncCyTRtwL568pJY+pqOo138WU9+pxB6uar3 1Jl5JnbIE0I0rS7XcP+E1xf/g79Ftfxui9X9/mZz0e5Hn 7/ud/d3lvdggD8hDsksiskf2yRtyRAaEE0k+ky/ka3Aef Au+Bz8uWoPWcuY+aSD4+QeCeehQ</latexit>
C34
<latexit sha1_base64="+q72qnoxJf6PeojfnHsqxkR qI7I=">AAAC+HicbVLLbtNAFJ2YVwmvFpZsRqRIFQqRHUBlgVBRUcUGUUTTRkqsaDy5iUedsUcz14h05J9gCwt2iC1 /A1/D2A0oTjmSdY/v48zx9SRaCoth+KsVXLp85eq1jevtGzdv3b6zuXX32OaF4TDguczNMGEWpMhggAIlDLUBphIJ J8npflU/+QjGijw7woWGWLF5JmaCM/Sp4fb+xD15Wm5PNjthL6xBL5JoSTpkicPJVuv3eJrzQkGGXDJrR1GoMXZWi inYsj0uLGjGT9kcRp5mTIGNXe23pA99ZkpnufFPhrTOrk44pqxdqKTro2KYVrHqtN1pHbsIn5DnSnupqm4bw4nqJol as4Cz57ETmS4QMn7uYFZIijmttkKnwgBHufCEcSNQcMpTZhhHv7uGEleJEfMUa1+WMwmFrnjsUPuPr236s1+D34qB A/96wJSQC/fuKCqdPuOla5Y/pEzDSlWVTmDZpg24F49fUksf0VHU6z+Lqe9UYhdXtd56E6+kTlkC6MaVpVrun/Ca4n /w9+i2vw3R+r+/SI77vcjz9/3O3s7yXmyQ++QB2SER2SV75A05JAPCiSSfyRfyNTgLvgXfgx/nrUFrOXOPNBD8/AO HmOhS</latexit><latexit sha1_base64="+q72qnoxJf6PeojfnHsqxkR qI7I=">AAAC+HicbVLLbtNAFJ2YVwmvFpZsRqRIFQqRHUBlgVBRUcUGUUTTRkqsaDy5iUedsUcz14h05J9gCwt2iC1 /A1/D2A0oTjmSdY/v48zx9SRaCoth+KsVXLp85eq1jevtGzdv3b6zuXX32OaF4TDguczNMGEWpMhggAIlDLUBphIJ J8npflU/+QjGijw7woWGWLF5JmaCM/Sp4fb+xD15Wm5PNjthL6xBL5JoSTpkicPJVuv3eJrzQkGGXDJrR1GoMXZWi inYsj0uLGjGT9kcRp5mTIGNXe23pA99ZkpnufFPhrTOrk44pqxdqKTro2KYVrHqtN1pHbsIn5DnSnupqm4bw4nqJol as4Cz57ETmS4QMn7uYFZIijmttkKnwgBHufCEcSNQcMpTZhhHv7uGEleJEfMUa1+WMwmFrnjsUPuPr236s1+D34qB A/96wJSQC/fuKCqdPuOla5Y/pEzDSlWVTmDZpg24F49fUksf0VHU6z+Lqe9UYhdXtd56E6+kTlkC6MaVpVrun/Ca4n /w9+i2vw3R+r+/SI77vcjz9/3O3s7yXmyQ++QB2SER2SV75A05JAPCiSSfyRfyNTgLvgXfgx/nrUFrOXOPNBD8/AO HmOhS</latexit><latexit sha1_base64="+q72qnoxJf6PeojfnHsqxkR qI7I=">AAAC+HicbVLLbtNAFJ2YVwmvFpZsRqRIFQqRHUBlgVBRUcUGUUTTRkqsaDy5iUedsUcz14h05J9gCwt2iC1 /A1/D2A0oTjmSdY/v48zx9SRaCoth+KsVXLp85eq1jevtGzdv3b6zuXX32OaF4TDguczNMGEWpMhggAIlDLUBphIJ J8npflU/+QjGijw7woWGWLF5JmaCM/Sp4fb+xD15Wm5PNjthL6xBL5JoSTpkicPJVuv3eJrzQkGGXDJrR1GoMXZWi inYsj0uLGjGT9kcRp5mTIGNXe23pA99ZkpnufFPhrTOrk44pqxdqKTro2KYVrHqtN1pHbsIn5DnSnupqm4bw4nqJol as4Cz57ETmS4QMn7uYFZIijmttkKnwgBHufCEcSNQcMpTZhhHv7uGEleJEfMUa1+WMwmFrnjsUPuPr236s1+D34qB A/96wJSQC/fuKCqdPuOla5Y/pEzDSlWVTmDZpg24F49fUksf0VHU6z+Lqe9UYhdXtd56E6+kTlkC6MaVpVrun/Ca4n /w9+i2vw3R+r+/SI77vcjz9/3O3s7yXmyQ++QB2SER2SV75A05JAPCiSSfyRfyNTgLvgXfgx/nrUFrOXOPNBD8/AO HmOhS</latexit><latexit sha1_base64="+q72qnoxJf6PeojfnHsqxkR qI7I=">AAAC+HicbVLLbtNAFJ2YVwmvFpZsRqRIFQqRHUBlgVBRUcUGUUTTRkqsaDy5iUedsUcz14h05J9gCwt2iC1 /A1/D2A0oTjmSdY/v48zx9SRaCoth+KsVXLp85eq1jevtGzdv3b6zuXX32OaF4TDguczNMGEWpMhggAIlDLUBphIJ J8npflU/+QjGijw7woWGWLF5JmaCM/Sp4fb+xD15Wm5PNjthL6xBL5JoSTpkicPJVuv3eJrzQkGGXDJrR1GoMXZWi inYsj0uLGjGT9kcRp5mTIGNXe23pA99ZkpnufFPhrTOrk44pqxdqKTro2KYVrHqtN1pHbsIn5DnSnupqm4bw4nqJol as4Cz57ETmS4QMn7uYFZIijmttkKnwgBHufCEcSNQcMpTZhhHv7uGEleJEfMUa1+WMwmFrnjsUPuPr236s1+D34qB A/96wJSQC/fuKCqdPuOla5Y/pEzDSlWVTmDZpg24F49fUksf0VHU6z+Lqe9UYhdXtd56E6+kTlkC6MaVpVrun/Ca4n /w9+i2vw3R+r+/SI77vcjz9/3O3s7yXmyQ++QB2SER2SV75A05JAPCiSSfyRfyNTgLvgXfgx/nrUFrOXOPNBD8/AO HmOhS</latexit>
A
<latexit sha1_base64="n7IF3 w9EJmABhwYmoNFF7gR Tj30=">AAAC83icbVL LbtNAFJ2YVwmvFpZsR qRIFQqRHQmVRYVagSo 2iKI2baXEqmbGN/GoM /bIc10RRv4EtrBgh9j yQfA1jN2A4pQjWff4P s4cXw83SloMw1+d4N r1Gzdvrd3u3rl77/6D 9Y2HxzYvCwEjkau8OO XMgpIZjFCiglNTANNc wQk/f13XTy6gsDLPjn BuINZslsmpFAx96nBz b/NsvRcOwgb0KokWpE cWODjb6PyeJLkoNWQo FLN2HIUGY2eVTMBW3 UlpwTBxzmYw9jRjGmz sGqsVfeozCZ3mhX8yp E12ecIxbe1c876PmmF ax7rT9pMm9hE+osi18 VJ13baGue5zrlcs4PR l7GRmSoRMXDqYlopiT uuF0EQWIFDNPWGikCg FFSkrmEC/tpaS0LyQs xQbX1YwBaWpeezQ+I 9vbPqz34DfSgH7/nWf aanm7v1RVDnzSVSuXT 5MmYGlqq6cxKpLW3A7 z19RS5/RcTQYvoip79 RyG5e13nkTe8qkjAO6 SW2pkfsnvKL4H/w9uu tvQ7T676+S4+Eg8vzD sLe7tbgXa+QxeUK2SE S2yS55Sw7IiAgyI5/ JF/I1KINvwffgx2Vr0 FnMPCItBD//AEt65mA =</latexit><latexit sha1_base64="n7IF3 w9EJmABhwYmoNFF7gR Tj30=">AAAC83icbVL LbtNAFJ2YVwmvFpZsR qRIFQqRHQmVRYVagSo 2iKI2baXEqmbGN/GoM /bIc10RRv4EtrBgh9j yQfA1jN2A4pQjWff4P s4cXw83SloMw1+d4N r1Gzdvrd3u3rl77/6D 9Y2HxzYvCwEjkau8OO XMgpIZjFCiglNTANNc wQk/f13XTy6gsDLPjn BuINZslsmpFAx96nBz b/NsvRcOwgb0KokWpE cWODjb6PyeJLkoNWQo FLN2HIUGY2eVTMBW3 UlpwTBxzmYw9jRjGmz sGqsVfeozCZ3mhX8yp E12ecIxbe1c876PmmF ax7rT9pMm9hE+osi18 VJ13baGue5zrlcs4PR l7GRmSoRMXDqYlopiT uuF0EQWIFDNPWGikCg FFSkrmEC/tpaS0LyQs xQbX1YwBaWpeezQ+I 9vbPqz34DfSgH7/nWf aanm7v1RVDnzSVSuXT 5MmYGlqq6cxKpLW3A7 z19RS5/RcTQYvoip79 RyG5e13nkTe8qkjAO6 SW2pkfsnvKL4H/w9uu tvQ7T676+S4+Eg8vzD sLe7tbgXa+QxeUK2SE S2yS55Sw7IiAgyI5/ JF/I1KINvwffgx2Vr0 FnMPCItBD//AEt65mA =</latexit><latexit sha1_base64="n7IF3 w9EJmABhwYmoNFF7gR Tj30=">AAAC83icbVL LbtNAFJ2YVwmvFpZsR qRIFQqRHQmVRYVagSo 2iKI2baXEqmbGN/GoM /bIc10RRv4EtrBgh9j yQfA1jN2A4pQjWff4P s4cXw83SloMw1+d4N r1Gzdvrd3u3rl77/6D 9Y2HxzYvCwEjkau8OO XMgpIZjFCiglNTANNc wQk/f13XTy6gsDLPjn BuINZslsmpFAx96nBz b/NsvRcOwgb0KokWpE cWODjb6PyeJLkoNWQo FLN2HIUGY2eVTMBW3 UlpwTBxzmYw9jRjGmz sGqsVfeozCZ3mhX8yp E12ecIxbe1c876PmmF ax7rT9pMm9hE+osi18 VJ13baGue5zrlcs4PR l7GRmSoRMXDqYlopiT uuF0EQWIFDNPWGikCg FFSkrmEC/tpaS0LyQs xQbX1YwBaWpeezQ+I 9vbPqz34DfSgH7/nWf aanm7v1RVDnzSVSuXT 5MmYGlqq6cxKpLW3A7 z19RS5/RcTQYvoip79 RyG5e13nkTe8qkjAO6 SW2pkfsnvKL4H/w9uu tvQ7T676+S4+Eg8vzD sLe7tbgXa+QxeUK2SE S2yS55Sw7IiAgyI5/ JF/I1KINvwffgx2Vr0 FnMPCItBD//AEt65mA =</latexit><latexit sha1_base64="n7IF3 w9EJmABhwYmoNFF7gR Tj30=">AAAC83icbVL LbtNAFJ2YVwmvFpZsR qRIFQqRHQmVRYVagSo 2iKI2baXEqmbGN/GoM /bIc10RRv4EtrBgh9j yQfA1jN2A4pQjWff4P s4cXw83SloMw1+d4N r1Gzdvrd3u3rl77/6D 9Y2HxzYvCwEjkau8OO XMgpIZjFCiglNTANNc wQk/f13XTy6gsDLPjn BuINZslsmpFAx96nBz b/NsvRcOwgb0KokWpE cWODjb6PyeJLkoNWQo FLN2HIUGY2eVTMBW3 UlpwTBxzmYw9jRjGmz sGqsVfeozCZ3mhX8yp E12ecIxbe1c876PmmF ax7rT9pMm9hE+osi18 VJ13baGue5zrlcs4PR l7GRmSoRMXDqYlopiT uuF0EQWIFDNPWGikCg FFSkrmEC/tpaS0LyQs xQbX1YwBaWpeezQ+I 9vbPqz34DfSgH7/nWf aanm7v1RVDnzSVSuXT 5MmYGlqq6cxKpLW3A7 z19RS5/RcTQYvoip79 RyG5e13nkTe8qkjAO6 SW2pkfsnvKL4H/w9uu tvQ7T676+S4+Eg8vzD sLe7tbgXa+QxeUK2SE S2yS55Sw7IiAgyI5/ JF/I1KINvwffgx2Vr0 FnMPCItBD//AEt65mA =</latexit>
t
<latexit sha1_base64="4vBZ7z+rsKQfF/xfFGxtzk4GO7M=">AAAC83icbVLLbtNAFJ2Y VwmPtrBkMyJFqlCI7EioXVSoCFSxQRS1aSslVjUzvolHnbFHnmtEGPkT2MKCHWLLB8HXMHYDilOOZN3j+zhzfD3cKGkxDH91gmvXb9y8tXa7e+fuvfvrG5sPTmxeFgJGIld5ccaZBSUzGKF EBWemAKa5glN+8aqun36Awso8O8a5gVizWSanUjD0qaMt3Drf6IWDsAG9SqIF6ZEFDs83O78nSS5KDRkKxawdR6HB2FklE7BVd1JaMExcsBmMPc2YBhu7xmpFn/hMQqd54Z8MaZNdnnBMWz vXvO+jZpjWse60/aSJfYSPKHJtvFRdt61hrvuc6xULON2NncxMiZCJSwfTUlHMab0QmsgCBKq5J0wUEqWgImUFE+jX1lISmhdylmLjywqmoDQ1jx0a//GNTX/2a/BbKeDAvx4wLdXcvTuOK mc+icq1y0cpM7BU1ZWTWHVpC27v2Qtq6VM6jgbD5zH1nVru4LLWW2/ipTIp44BuUltq5P4Jryj+B3+P7vrbEK3++6vkZDiIPH8/7O1vL+7FGnlEHpNtEpEdsk/ekEMyIoLMyGfyhXwNyuBb 8D34cdkadBYzD0kLwc8/zcTmkw==</latexit><latexit sha1_base64="4vBZ7z+rsKQfF/xfFGxtzk4GO7M=">AAAC83icbVLLbtNAFJ2Y VwmPtrBkMyJFqlCI7EioXVSoCFSxQRS1aSslVjUzvolHnbFHnmtEGPkT2MKCHWLLB8HXMHYDilOOZN3j+zhzfD3cKGkxDH91gmvXb9y8tXa7e+fuvfvrG5sPTmxeFgJGIld5ccaZBSUzGKF EBWemAKa5glN+8aqun36Awso8O8a5gVizWSanUjD0qaMt3Drf6IWDsAG9SqIF6ZEFDs83O78nSS5KDRkKxawdR6HB2FklE7BVd1JaMExcsBmMPc2YBhu7xmpFn/hMQqd54Z8MaZNdnnBMWz vXvO+jZpjWse60/aSJfYSPKHJtvFRdt61hrvuc6xULON2NncxMiZCJSwfTUlHMab0QmsgCBKq5J0wUEqWgImUFE+jX1lISmhdylmLjywqmoDQ1jx0a//GNTX/2a/BbKeDAvx4wLdXcvTuOK mc+icq1y0cpM7BU1ZWTWHVpC27v2Qtq6VM6jgbD5zH1nVru4LLWW2/ipTIp44BuUltq5P4Jryj+B3+P7vrbEK3++6vkZDiIPH8/7O1vL+7FGnlEHpNtEpEdsk/ekEMyIoLMyGfyhXwNyuBb 8D34cdkadBYzD0kLwc8/zcTmkw==</latexit><latexit sha1_base64="4vBZ7z+rsKQfF/xfFGxtzk4GO7M=">AAAC83icbVLLbtNAFJ2Y VwmPtrBkMyJFqlCI7EioXVSoCFSxQRS1aSslVjUzvolHnbFHnmtEGPkT2MKCHWLLB8HXMHYDilOOZN3j+zhzfD3cKGkxDH91gmvXb9y8tXa7e+fuvfvrG5sPTmxeFgJGIld5ccaZBSUzGKF EBWemAKa5glN+8aqun36Awso8O8a5gVizWSanUjD0qaMt3Drf6IWDsAG9SqIF6ZEFDs83O78nSS5KDRkKxawdR6HB2FklE7BVd1JaMExcsBmMPc2YBhu7xmpFn/hMQqd54Z8MaZNdnnBMWz vXvO+jZpjWse60/aSJfYSPKHJtvFRdt61hrvuc6xULON2NncxMiZCJSwfTUlHMab0QmsgCBKq5J0wUEqWgImUFE+jX1lISmhdylmLjywqmoDQ1jx0a//GNTX/2a/BbKeDAvx4wLdXcvTuOK mc+icq1y0cpM7BU1ZWTWHVpC27v2Qtq6VM6jgbD5zH1nVru4LLWW2/ipTIp44BuUltq5P4Jryj+B3+P7vrbEK3++6vkZDiIPH8/7O1vL+7FGnlEHpNtEpEdsk/ekEMyIoLMyGfyhXwNyuBb 8D34cdkadBYzD0kLwc8/zcTmkw==</latexit><latexit sha1_base64="4vBZ7z+rsKQfF/xfFGxtzk4GO7M=">AAAC83icbVLLbtNAFJ2Y VwmPtrBkMyJFqlCI7EioXVSoCFSxQRS1aSslVjUzvolHnbFHnmtEGPkT2MKCHWLLB8HXMHYDilOOZN3j+zhzfD3cKGkxDH91gmvXb9y8tXa7e+fuvfvrG5sPTmxeFgJGIld5ccaZBSUzGKF EBWemAKa5glN+8aqun36Awso8O8a5gVizWSanUjD0qaMt3Drf6IWDsAG9SqIF6ZEFDs83O78nSS5KDRkKxawdR6HB2FklE7BVd1JaMExcsBmMPc2YBhu7xmpFn/hMQqd54Z8MaZNdnnBMWz vXvO+jZpjWse60/aSJfYSPKHJtvFRdt61hrvuc6xULON2NncxMiZCJSwfTUlHMab0QmsgCBKq5J0wUEqWgImUFE+jX1lISmhdylmLjywqmoDQ1jx0a//GNTX/2a/BbKeDAvx4wLdXcvTuOK mc+icq1y0cpM7BU1ZWTWHVpC27v2Qtq6VM6jgbD5zH1nVru4LLWW2/ipTIp44BuUltq5P4Jryj+B3+P7vrbEK3++6vkZDiIPH8/7O1vL+7FGnlEHpNtEpEdsk/ekEMyIoLMyGfyhXwNyuBb 8D34cdkadBYzD0kLwc8/zcTmkw==</latexit>
C23
<latexit sha1_base64="uDOi4Ykz+lBBygE7dhO7OtXzmUA=">AAAC+HicbVLLbtNAFJ2YVwmPtrBkMyJFqlCI7C BUFggVFVVsEEU0baTEisaTm3jUGXs0c41IR/4JtrBgh9jyN/A1jN2A4pQjWff4Ps4cX0+ipbAYhr9awZWr167f2LjZvnX7zt3Nre17JzYvDIcBz2VuhgmzIEUGAxQoYagNMJVIOE3ODqr66UcwVuTZMS40xIrNMzETnKFPDXcOJq7/tNyZb HXCXliDXibRknTIEkeT7dbv8TTnhYIMuWTWjqJQY+ysFFOwZXtcWNCMn7E5jDzNmAIbu9pvSR/5zJTOcuOfDGmdXZ1wTFm7UEnXR8UwrWLVabvTOnYRPiHPlfZSVd02hhPVTRK1ZgFnz2MnMl0gZPzCwayQFHNabYVOhQGOcuEJ40ag4JSn zDCOfncNJa4SI+Yp1r4sZxIKXfHYofYfX9v0Z78GvxUDh/71kCkhF+7dcVQ6fc5L1yx/SJmGlaoqncCyTRtwL568pJY+pqOo138WU9+pxB6uar31Jl5JnbIE0I0rS7XcP+E1xf/g79Ftfxui9X9/mZz0e5Hn7/ud/d3lvdggD8hDsksiskf 2yRtyRAaEE0k+ky/ka3AefAu+Bz8uWoPWcuY+aSD4+QeCeehQ</latexit><latexit sha1_base64="uDOi4Ykz+lBBygE7dhO7OtXzmUA=">AAAC+HicbVLLbtNAFJ2YVwmPtrBkMyJFqlCI7C BUFggVFVVsEEU0baTEisaTm3jUGXs0c41IR/4JtrBgh9jyN/A1jN2A4pQjWff4Ps4cX0+ipbAYhr9awZWr167f2LjZvnX7zt3Nre17JzYvDIcBz2VuhgmzIEUGAxQoYagNMJVIOE3ODqr66UcwVuTZMS40xIrNMzETnKFPDXcOJq7/tNyZb HXCXliDXibRknTIEkeT7dbv8TTnhYIMuWTWjqJQY+ysFFOwZXtcWNCMn7E5jDzNmAIbu9pvSR/5zJTOcuOfDGmdXZ1wTFm7UEnXR8UwrWLVabvTOnYRPiHPlfZSVd02hhPVTRK1ZgFnz2MnMl0gZPzCwayQFHNabYVOhQGOcuEJ40ag4JSn zDCOfncNJa4SI+Yp1r4sZxIKXfHYofYfX9v0Z78GvxUDh/71kCkhF+7dcVQ6fc5L1yx/SJmGlaoqncCyTRtwL568pJY+pqOo138WU9+pxB6uar31Jl5JnbIE0I0rS7XcP+E1xf/g79Ftfxui9X9/mZz0e5Hn7/ud/d3lvdggD8hDsksiskf 2yRtyRAaEE0k+ky/ka3AefAu+Bz8uWoPWcuY+aSD4+QeCeehQ</latexit><latexit sha1_base64="uDOi4Ykz+lBBygE7dhO7OtXzmUA=">AAAC+HicbVLLbtNAFJ2YVwmPtrBkMyJFqlCI7C BUFggVFVVsEEU0baTEisaTm3jUGXs0c41IR/4JtrBgh9jyN/A1jN2A4pQjWff4Ps4cX0+ipbAYhr9awZWr167f2LjZvnX7zt3Nre17JzYvDIcBz2VuhgmzIEUGAxQoYagNMJVIOE3ODqr66UcwVuTZMS40xIrNMzETnKFPDXcOJq7/tNyZb HXCXliDXibRknTIEkeT7dbv8TTnhYIMuWTWjqJQY+ysFFOwZXtcWNCMn7E5jDzNmAIbu9pvSR/5zJTOcuOfDGmdXZ1wTFm7UEnXR8UwrWLVabvTOnYRPiHPlfZSVd02hhPVTRK1ZgFnz2MnMl0gZPzCwayQFHNabYVOhQGOcuEJ40ag4JSn zDCOfncNJa4SI+Yp1r4sZxIKXfHYofYfX9v0Z78GvxUDh/71kCkhF+7dcVQ6fc5L1yx/SJmGlaoqncCyTRtwL568pJY+pqOo138WU9+pxB6uar31Jl5JnbIE0I0rS7XcP+E1xf/g79Ftfxui9X9/mZz0e5Hn7/ud/d3lvdggD8hDsksiskf 2yRtyRAaEE0k+ky/ka3AefAu+Bz8uWoPWcuY+aSD4+QeCeehQ</latexit><latexit sha1_base64="uDOi4Ykz+lBBygE7dhO7OtXzmUA=">AAAC+HicbVLLbtNAFJ2YVwmPtrBkMyJFqlCI7C BUFggVFVVsEEU0baTEisaTm3jUGXs0c41IR/4JtrBgh9jyN/A1jN2A4pQjWff4Ps4cX0+ipbAYhr9awZWr167f2LjZvnX7zt3Nre17JzYvDIcBz2VuhgmzIEUGAxQoYagNMJVIOE3ODqr66UcwVuTZMS40xIrNMzETnKFPDXcOJq7/tNyZb HXCXliDXibRknTIEkeT7dbv8TTnhYIMuWTWjqJQY+ysFFOwZXtcWNCMn7E5jDzNmAIbu9pvSR/5zJTOcuOfDGmdXZ1wTFm7UEnXR8UwrWLVabvTOnYRPiHPlfZSVd02hhPVTRK1ZgFnz2MnMl0gZPzCwayQFHNabYVOhQGOcuEJ40ag4JSn zDCOfncNJa4SI+Yp1r4sZxIKXfHYofYfX9v0Z78GvxUDh/71kCkhF+7dcVQ6fc5L1yx/SJmGlaoqncCyTRtwL568pJY+pqOo138WU9+pxB6uar31Jl5JnbIE0I0rS7XcP+E1xf/g79Ftfxui9X9/mZz0e5Hn7/ud/d3lvdggD8hDsksiskf 2yRtyRAaEE0k+ky/ka3AefAu+Bz8uWoPWcuY+aSD4+QeCeehQ</latexit>
0.48
<latexit sha1_base64="9RfY 9OACfOd7sd+UkH6S12Duuys=">AAAC9nicbVLLbtNAFJ2YVwmv FpZsRqRIFQqRHVG1iwoVgSo2iCKatFJiVePxTTx0xh7NXKOGkf+ BLSzYIbb8DnwNYzegJOVI1j2+jzPH15NoKSyG4a9WcOXqtes31 m62b92+c/fe+sb9oS1Kw2HAC1mYk4RZkCKHAQqUcKINMJVIOE7 OXtb1449grCjyI5xpiBWb5mIiOEOfGm6GvWe7m6frnbAXNqCXST QnHTLH4elG6/c4LXipIEcumbWjKNQYOytFCrZqj0sLmvEzNoWR pzlTYGPXuK3oY59J6aQw/smRNtnFCceUtTOVdH1UDLM61p22mza xi3COvFDaS9V1uzScqG6SqBULONmNnch1iZDzCweTUlIsaL0Tm goDHOXME8aNQMEpz5hhHP3mlpS4SoyYZtj4spxJKHXNY4faf3xj 05/9CvxWDBz41wOmhJy5t0dR5fQnXrnl8vuMaVioqsoJrNp0CW 7v6XNq6RM6inr97Zj6TiV2cFHrjTfxQuqMJYBuXFtq5P4Jryj+ B3+PbvvbEK3++8tk2O9Fnr/rd/a35vdijTwkj8gWicgO2SevySE ZEE4+kM/kC/kanAffgu/Bj4vWoDWfeUCWEPz8Axz75wc=</lat exit><latexit sha1_base64="9RfY 9OACfOd7sd+UkH6S12Duuys=">AAAC9nicbVLLbtNAFJ2YVwmv FpZsRqRIFQqRHVG1iwoVgSo2iCKatFJiVePxTTx0xh7NXKOGkf+ BLSzYIbb8DnwNYzegJOVI1j2+jzPH15NoKSyG4a9WcOXqtes31 m62b92+c/fe+sb9oS1Kw2HAC1mYk4RZkCKHAQqUcKINMJVIOE7 OXtb1449grCjyI5xpiBWb5mIiOEOfGm6GvWe7m6frnbAXNqCXST QnHTLH4elG6/c4LXipIEcumbWjKNQYOytFCrZqj0sLmvEzNoWR pzlTYGPXuK3oY59J6aQw/smRNtnFCceUtTOVdH1UDLM61p22mza xi3COvFDaS9V1uzScqG6SqBULONmNnch1iZDzCweTUlIsaL0Tm goDHOXME8aNQMEpz5hhHP3mlpS4SoyYZtj4spxJKHXNY4faf3xj 05/9CvxWDBz41wOmhJy5t0dR5fQnXrnl8vuMaVioqsoJrNp0CW 7v6XNq6RM6inr97Zj6TiV2cFHrjTfxQuqMJYBuXFtq5P4Jryj+ B3+PbvvbEK3++8tk2O9Fnr/rd/a35vdijTwkj8gWicgO2SevySE ZEE4+kM/kC/kanAffgu/Bj4vWoDWfeUCWEPz8Axz75wc=</lat exit><latexit sha1_base64="9RfY 9OACfOd7sd+UkH6S12Duuys=">AAAC9nicbVLLbtNAFJ2YVwmv FpZsRqRIFQqRHVG1iwoVgSo2iCKatFJiVePxTTx0xh7NXKOGkf+ BLSzYIbb8DnwNYzegJOVI1j2+jzPH15NoKSyG4a9WcOXqtes31 m62b92+c/fe+sb9oS1Kw2HAC1mYk4RZkCKHAQqUcKINMJVIOE7 OXtb1449grCjyI5xpiBWb5mIiOEOfGm6GvWe7m6frnbAXNqCXST QnHTLH4elG6/c4LXipIEcumbWjKNQYOytFCrZqj0sLmvEzNoWR pzlTYGPXuK3oY59J6aQw/smRNtnFCceUtTOVdH1UDLM61p22mza xi3COvFDaS9V1uzScqG6SqBULONmNnch1iZDzCweTUlIsaL0Tm goDHOXME8aNQMEpz5hhHP3mlpS4SoyYZtj4spxJKHXNY4faf3xj 05/9CvxWDBz41wOmhJy5t0dR5fQnXrnl8vuMaVioqsoJrNp0CW 7v6XNq6RM6inr97Zj6TiV2cFHrjTfxQuqMJYBuXFtq5P4Jryj+ B3+PbvvbEK3++8tk2O9Fnr/rd/a35vdijTwkj8gWicgO2SevySE ZEE4+kM/kC/kanAffgu/Bj4vWoDWfeUCWEPz8Axz75wc=</lat exit><latexit sha1_base64="9RfY 9OACfOd7sd+UkH6S12Duuys=">AAAC9nicbVLLbtNAFJ2YVwmv FpZsRqRIFQqRHVG1iwoVgSo2iCKatFJiVePxTTx0xh7NXKOGkf+ BLSzYIbb8DnwNYzegJOVI1j2+jzPH15NoKSyG4a9WcOXqtes31 m62b92+c/fe+sb9oS1Kw2HAC1mYk4RZkCKHAQqUcKINMJVIOE7 OXtb1449grCjyI5xpiBWb5mIiOEOfGm6GvWe7m6frnbAXNqCXST QnHTLH4elG6/c4LXipIEcumbWjKNQYOytFCrZqj0sLmvEzNoWR pzlTYGPXuK3oY59J6aQw/smRNtnFCceUtTOVdH1UDLM61p22mza xi3COvFDaS9V1uzScqG6SqBULONmNnch1iZDzCweTUlIsaL0Tm goDHOXME8aNQMEpz5hhHP3mlpS4SoyYZtj4spxJKHXNY4faf3xj 05/9CvxWDBz41wOmhJy5t0dR5fQnXrnl8vuMaVioqsoJrNp0CW 7v6XNq6RM6inr97Zj6TiV2cFHrjTfxQuqMJYBuXFtq5P4Jryj+ B3+PbvvbEK3++8tk2O9Fnr/rd/a35vdijTwkj8gWicgO2SevySE ZEE4+kM/kC/kanAffgu/Bj4vWoDWfeUCWEPz8Axz75wc=</lat exit>
1.04
<latexit sha1_base64="F6QHsytqgGoyPUnNmV3IbscpOrM=" >AAAC9nicbVLLbtNAFJ2YVwmPtrBkMyJFqlCI7AjULipUBKrYIIpo0kqJVY3HN8nQGXs0c40aRv4HtrBgh9jyO/A1jN2A4pQjWff4 Ps4cX0+ipbAYhr9awZWr167fWLvZvnX7zt31jc17Q5sXhsOA5zI3JwmzIEUGAxQo4UQbYCqRcJycvazqxx/BWJFnRzjXECs2zcREc IY+NdyKeuHTrdONTtgLa9DLJFqQDlng8HSz9Xuc5rxQkCGXzNpRFGqMnZUiBVu2x4UFzfgZm8LI04wpsLGr3Zb0kc+kdJIb/2RI6 +zyhGPK2rlKuj4qhrMqVp22m9axi3COPFfaS1V12xhOVDdJ1IoFnOzGTmS6QMj4hYNJISnmtNoJTYUBjnLuCeNGoOCUz5hhHP3mGk pcJUZMZ1j7spxJKHTFY4faf3xt05/9CvxWDBz41wOmhJy7t0dR6fQnXrpm+f2MaViqqtIJLNu0Abf35Dm19DEdRb3+s5j6TiV2cFn rjTfxQuoZSwDduLJUy/0TXlH8D/4e3fa3IVr995fJsN+LPH/X7+xvL+7FGnlAHpJtEpEdsk9ek0MyIJx8IJ/JF/I1OA++Bd+DHxet QWsxc580EPz8AwsY5wA=</latexit><latexit sha1_base64="F6QHsytqgGoyPUnNmV3IbscpOrM=" >AAAC9nicbVLLbtNAFJ2YVwmPtrBkMyJFqlCI7AjULipUBKrYIIpo0kqJVY3HN8nQGXs0c40aRv4HtrBgh9jyO/A1jN2A4pQjWff4 Ps4cX0+ipbAYhr9awZWr167fWLvZvnX7zt31jc17Q5sXhsOA5zI3JwmzIEUGAxQo4UQbYCqRcJycvazqxx/BWJFnRzjXECs2zcREc IY+NdyKeuHTrdONTtgLa9DLJFqQDlng8HSz9Xuc5rxQkCGXzNpRFGqMnZUiBVu2x4UFzfgZm8LI04wpsLGr3Zb0kc+kdJIb/2RI6 +zyhGPK2rlKuj4qhrMqVp22m9axi3COPFfaS1V12xhOVDdJ1IoFnOzGTmS6QMj4hYNJISnmtNoJTYUBjnLuCeNGoOCUz5hhHP3mGk pcJUZMZ1j7spxJKHTFY4faf3xt05/9CvxWDBz41wOmhJy7t0dR6fQnXrpm+f2MaViqqtIJLNu0Abf35Dm19DEdRb3+s5j6TiV2cFn rjTfxQuoZSwDduLJUy/0TXlH8D/4e3fa3IVr995fJsN+LPH/X7+xvL+7FGnlAHpJtEpEdsk9ek0MyIJx8IJ/JF/I1OA++Bd+DHxet QWsxc580EPz8AwsY5wA=</latexit><latexit sha1_base64="F6QHsytqgGoyPUnNmV3IbscpOrM=" >AAAC9nicbVLLbtNAFJ2YVwmPtrBkMyJFqlCI7AjULipUBKrYIIpo0kqJVY3HN8nQGXs0c40aRv4HtrBgh9jyO/A1jN2A4pQjWff4 Ps4cX0+ipbAYhr9awZWr167fWLvZvnX7zt31jc17Q5sXhsOA5zI3JwmzIEUGAxQo4UQbYCqRcJycvazqxx/BWJFnRzjXECs2zcREc IY+NdyKeuHTrdONTtgLa9DLJFqQDlng8HSz9Xuc5rxQkCGXzNpRFGqMnZUiBVu2x4UFzfgZm8LI04wpsLGr3Zb0kc+kdJIb/2RI6 +zyhGPK2rlKuj4qhrMqVp22m9axi3COPFfaS1V12xhOVDdJ1IoFnOzGTmS6QMj4hYNJISnmtNoJTYUBjnLuCeNGoOCUz5hhHP3mGk pcJUZMZ1j7spxJKHTFY4faf3xt05/9CvxWDBz41wOmhJy7t0dR6fQnXrpm+f2MaViqqtIJLNu0Abf35Dm19DEdRb3+s5j6TiV2cFn rjTfxQuoZSwDduLJUy/0TXlH8D/4e3fa3IVr995fJsN+LPH/X7+xvL+7FGnlAHpJtEpEdsk9ek0MyIJx8IJ/JF/I1OA++Bd+DHxet QWsxc580EPz8AwsY5wA=</latexit><latexit sha1_base64="F6QHsytqgGoyPUnNmV3IbscpOrM=" >AAAC9nicbVLLbtNAFJ2YVwmPtrBkMyJFqlCI7AjULipUBKrYIIpo0kqJVY3HN8nQGXs0c40aRv4HtrBgh9jyO/A1jN2A4pQjWff4 Ps4cX0+ipbAYhr9awZWr167fWLvZvnX7zt31jc17Q5sXhsOA5zI3JwmzIEUGAxQo4UQbYCqRcJycvazqxx/BWJFnRzjXECs2zcREc IY+NdyKeuHTrdONTtgLa9DLJFqQDlng8HSz9Xuc5rxQkCGXzNpRFGqMnZUiBVu2x4UFzfgZm8LI04wpsLGr3Zb0kc+kdJIb/2RI6 +zyhGPK2rlKuj4qhrMqVp22m9axi3COPFfaS1V12xhOVDdJ1IoFnOzGTmS6QMj4hYNJISnmtNoJTYUBjnLuCeNGoOCUz5hhHP3mGk pcJUZMZ1j7spxJKHTFY4faf3xt05/9CvxWDBz41wOmhJy7t0dR6fQnXrpm+f2MaViqqtIJLNu0Abf35Dm19DEdRb3+s5j6TiV2cFn rjTfxQuoZSwDduLJUy/0TXlH8D/4e3fa3IVr995fJsN+LPH/X7+xvL+7FGnlAHpJtEpEdsk9ek0MyIJx8IJ/JF/I1OA++Bd+DHxet QWsxc580EPz8AwsY5wA=</latexit>
3.04
<latexit sha1_base64="1IcrhuhWUgsHbOlSouQgfSwYrpI="> AAAC9nicbVLLbtNAFJ2YVwmvFpZsRqRIFQqRHVqVBUJFoIoNoogmrZRY1Xh8Ew+dsUcz16hh5H9gCwt2iC2/A1/D2A0oSTmSdY/v48z x9SRaCoth+KsVXLp85eq1tevtGzdv3b6zvnF3aIvScBjwQhbmOGEWpMhhgAIlHGsDTCUSjpLTl3X96CMYK4r8EGcaYsWmuZgIztCnhp tPeuH25sl6J+yFDehFEs1Jh8xxcLLR+j1OC14qyJFLZu0oCjXGzkqRgq3a49KCZvyUTWHkac4U2Ng1biv60GdSOimMf3KkTXZxwjFl7 UwlXR8Vw6yOdaftpk3sIpwhL5T2UnXdLg0nqpskasUCTp7GTuS6RMj5uYNJKSkWtN4JTYUBjnLmCeNGoOCUZ8wwjn5zS0pcJUZMM2x 8Wc4klLrmsUPtP76x6c9+BX4rBvb96z5TQs7c28OocvoTr9xy+X3GNCxUVeUEVm26BPfs8XNq6SM6inr9nZj6TiV2cVHrjTfxQuqMJY BuXFtq5P4Jryj+B3+PbvvbEK3++4tk2O9Fnr/rd/a25vdijdwnD8gWicgu2SOvyQEZEE4+kM/kC/kanAXfgu/Bj/PWoDWfuUeWEPz8A xA65wI=</latexit><latexit sha1_base64="1IcrhuhWUgsHbOlSouQgfSwYrpI="> AAAC9nicbVLLbtNAFJ2YVwmvFpZsRqRIFQqRHVqVBUJFoIoNoogmrZRY1Xh8Ew+dsUcz16hh5H9gCwt2iC2/A1/D2A0oSTmSdY/v48z x9SRaCoth+KsVXLp85eq1tevtGzdv3b6zvnF3aIvScBjwQhbmOGEWpMhhgAIlHGsDTCUSjpLTl3X96CMYK4r8EGcaYsWmuZgIztCnhp tPeuH25sl6J+yFDehFEs1Jh8xxcLLR+j1OC14qyJFLZu0oCjXGzkqRgq3a49KCZvyUTWHkac4U2Ng1biv60GdSOimMf3KkTXZxwjFl7 UwlXR8Vw6yOdaftpk3sIpwhL5T2UnXdLg0nqpskasUCTp7GTuS6RMj5uYNJKSkWtN4JTYUBjnLmCeNGoOCUZ8wwjn5zS0pcJUZMM2x 8Wc4klLrmsUPtP76x6c9+BX4rBvb96z5TQs7c28OocvoTr9xy+X3GNCxUVeUEVm26BPfs8XNq6SM6inr9nZj6TiV2cVHrjTfxQuqMJY BuXFtq5P4Jryj+B3+PbvvbEK3++4tk2O9Fnr/rd/a25vdijdwnD8gWicgu2SOvyQEZEE4+kM/kC/kanAXfgu/Bj/PWoDWfuUeWEPz8A xA65wI=</latexit><latexit sha1_base64="1IcrhuhWUgsHbOlSouQgfSwYrpI="> AAAC9nicbVLLbtNAFJ2YVwmvFpZsRqRIFQqRHVqVBUJFoIoNoogmrZRY1Xh8Ew+dsUcz16hh5H9gCwt2iC2/A1/D2A0oSTmSdY/v48z x9SRaCoth+KsVXLp85eq1tevtGzdv3b6zvnF3aIvScBjwQhbmOGEWpMhhgAIlHGsDTCUSjpLTl3X96CMYK4r8EGcaYsWmuZgIztCnhp tPeuH25sl6J+yFDehFEs1Jh8xxcLLR+j1OC14qyJFLZu0oCjXGzkqRgq3a49KCZvyUTWHkac4U2Ng1biv60GdSOimMf3KkTXZxwjFl7 UwlXR8Vw6yOdaftpk3sIpwhL5T2UnXdLg0nqpskasUCTp7GTuS6RMj5uYNJKSkWtN4JTYUBjnLmCeNGoOCUZ8wwjn5zS0pcJUZMM2x 8Wc4klLrmsUPtP76x6c9+BX4rBvb96z5TQs7c28OocvoTr9xy+X3GNCxUVeUEVm26BPfs8XNq6SM6inr9nZj6TiV2cVHrjTfxQuqMJY BuXFtq5P4Jryj+B3+PbvvbEK3++4tk2O9Fnr/rd/a25vdijdwnD8gWicgu2SOvyQEZEE4+kM/kC/kanAXfgu/Bj/PWoDWfuUeWEPz8A xA65wI=</latexit><latexit sha1_base64="1IcrhuhWUgsHbOlSouQgfSwYrpI="> AAAC9nicbVLLbtNAFJ2YVwmvFpZsRqRIFQqRHVqVBUJFoIoNoogmrZRY1Xh8Ew+dsUcz16hh5H9gCwt2iC2/A1/D2A0oSTmSdY/v48z x9SRaCoth+KsVXLp85eq1tevtGzdv3b6zvnF3aIvScBjwQhbmOGEWpMhhgAIlHGsDTCUSjpLTl3X96CMYK4r8EGcaYsWmuZgIztCnhp tPeuH25sl6J+yFDehFEs1Jh8xxcLLR+j1OC14qyJFLZu0oCjXGzkqRgq3a49KCZvyUTWHkac4U2Ng1biv60GdSOimMf3KkTXZxwjFl7 UwlXR8Vw6yOdaftpk3sIpwhL5T2UnXdLg0nqpskasUCTp7GTuS6RMj5uYNJKSkWtN4JTYUBjnLmCeNGoOCUZ8wwjn5zS0pcJUZMM2x 8Wc4klLrmsUPtP76x6c9+BX4rBvb96z5TQs7c28OocvoTr9xy+X3GNCxUVeUEVm26BPfs8XNq6SM6inr9nZj6TiV2cVHrjTfxQuqMJY BuXFtq5P4Jryj+B3+PbvvbEK3++4tk2O9Fnr/rd/a25vdijdwnD8gWicgu2SOvyQEZEE4+kM/kC/kanAXfgu/Bj/PWoDWfuUeWEPz8A xA65wI=</latexit>
3.52
<latexit sha1_base64="JLtD+yySbEpmLHKDaKiZXnBXBsk=">AAAC9nicbVLLbtNAFJ2YVwmvFpZsRqRIFQqRHVS1iwoVgSo2i CKatFJiVePJTTx0xh7NXKOGkf+BLSzYIbb8DnwNYzegOOVI1j2+jzPH15NoKSyG4a9WcOXqtes31m62b92+c/fe+sb9oc0Lw2HAc5mbk4RZkCKDAQqUcKINMJVIOE7OXlb1449grMizI5xriBWbZWIqOEOfGm4+6233N0/XO2EvrEEvk2hBOmSBw9ON1u/xJOeFggy5ZNa OolBj7KwUE7Ble1xY0IyfsRmMPM2YAhu72m1JH/vMhE5z458MaZ1dnnBMWTtXSddHxTCtYtVpu5M6dhHOkedKe6mqbhvDieomiVqxgNPd2IlMFwgZv3AwLSTFnFY7oRNhgKOce8K4ESg45SkzjKPfXEOJq8SIWYq1L8uZhEJXPHao/cfXNv3Zr8BvxcCBfz1gSsi5e3sUl U5/4qVrlt+nTMNSVZVOYNmmDbi9p8+ppU/oKOr1t2PqO5XYwWWtN97EC6lTlgC6cWWplvsnvKL4H/w9uu1vQ7T67y+TYb8Xef6u39nfWtyLNfKQPCJbJCI7ZJ+8JodkQDj5QD6TL+RrcB58C74HPy5ag9Zi5gFpIPj5Bxfp5wU=</latexit><latexit sha1_base64="JLtD+yySbEpmLHKDaKiZXnBXBsk=">AAAC9nicbVLLbtNAFJ2YVwmvFpZsRqRIFQqRHVS1iwoVgSo2i CKatFJiVePJTTx0xh7NXKOGkf+BLSzYIbb8DnwNYzegOOVI1j2+jzPH15NoKSyG4a9WcOXqtes31m62b92+c/fe+sb9oc0Lw2HAc5mbk4RZkCKDAQqUcKINMJVIOE7OXlb1449grMizI5xriBWbZWIqOEOfGm4+6233N0/XO2EvrEEvk2hBOmSBw9ON1u/xJOeFggy5ZNa OolBj7KwUE7Ble1xY0IyfsRmMPM2YAhu72m1JH/vMhE5z458MaZ1dnnBMWTtXSddHxTCtYtVpu5M6dhHOkedKe6mqbhvDieomiVqxgNPd2IlMFwgZv3AwLSTFnFY7oRNhgKOce8K4ESg45SkzjKPfXEOJq8SIWYq1L8uZhEJXPHao/cfXNv3Zr8BvxcCBfz1gSsi5e3sUl U5/4qVrlt+nTMNSVZVOYNmmDbi9p8+ppU/oKOr1t2PqO5XYwWWtN97EC6lTlgC6cWWplvsnvKL4H/w9uu1vQ7T67y+TYb8Xef6u39nfWtyLNfKQPCJbJCI7ZJ+8JodkQDj5QD6TL+RrcB58C74HPy5ag9Zi5gFpIPj5Bxfp5wU=</latexit><latexit sha1_base64="JLtD+yySbEpmLHKDaKiZXnBXBsk=">AAAC9nicbVLLbtNAFJ2YVwmvFpZsRqRIFQqRHVS1iwoVgSo2i CKatFJiVePJTTx0xh7NXKOGkf+BLSzYIbb8DnwNYzegOOVI1j2+jzPH15NoKSyG4a9WcOXqtes31m62b92+c/fe+sb9oc0Lw2HAc5mbk4RZkCKDAQqUcKINMJVIOE7OXlb1449grMizI5xriBWbZWIqOEOfGm4+6233N0/XO2EvrEEvk2hBOmSBw9ON1u/xJOeFggy5ZNa OolBj7KwUE7Ble1xY0IyfsRmMPM2YAhu72m1JH/vMhE5z458MaZ1dnnBMWTtXSddHxTCtYtVpu5M6dhHOkedKe6mqbhvDieomiVqxgNPd2IlMFwgZv3AwLSTFnFY7oRNhgKOce8K4ESg45SkzjKPfXEOJq8SIWYq1L8uZhEJXPHao/cfXNv3Zr8BvxcCBfz1gSsi5e3sUl U5/4qVrlt+nTMNSVZVOYNmmDbi9p8+ppU/oKOr1t2PqO5XYwWWtN97EC6lTlgC6cWWplvsnvKL4H/w9uu1vQ7T67y+TYb8Xef6u39nfWtyLNfKQPCJbJCI7ZJ+8JodkQDj5QD6TL+RrcB58C74HPy5ag9Zi5gFpIPj5Bxfp5wU=</latexit><latexit sha1_base64="JLtD+yySbEpmLHKDaKiZXnBXBsk=">AAAC9nicbVLLbtNAFJ2YVwmvFpZsRqRIFQqRHVS1iwoVgSo2i CKatFJiVePJTTx0xh7NXKOGkf+BLSzYIbb8DnwNYzegOOVI1j2+jzPH15NoKSyG4a9WcOXqtes31m62b92+c/fe+sb9oc0Lw2HAc5mbk4RZkCKDAQqUcKINMJVIOE7OXlb1449grMizI5xriBWbZWIqOEOfGm4+6233N0/XO2EvrEEvk2hBOmSBw9ON1u/xJOeFggy5ZNa OolBj7KwUE7Ble1xY0IyfsRmMPM2YAhu72m1JH/vMhE5z458MaZ1dnnBMWTtXSddHxTCtYtVpu5M6dhHOkedKe6mqbhvDieomiVqxgNPd2IlMFwgZv3AwLSTFnFY7oRNhgKOce8K4ESg45SkzjKPfXEOJq8SIWYq1L8uZhEJXPHao/cfXNv3Zr8BvxcCBfz1gSsi5e3sUl U5/4qVrlt+nTMNSVZVOYNmmDbi9p8+ppU/oKOr1t2PqO5XYwWWtN97EC6lTlgC6cWWplvsnvKL4H/w9uu1vQ7T67y+TYb8Xef6u39nfWtyLNfKQPCJbJCI7ZJ+8JodkQDj5QD6TL+RrcB58C74HPy5ag9Zi5gFpIPj5Bxfp5wU=</latexit>
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FIG. 6. Duration of pulses sequence (×10−9 s) are calculated con-
sidering the maximum amplitude of each pulse (×mW) 20mW and
the modulation rate 0.1GHz.
where Uij(tk) induces the dipole transition between the ith
and jth levels of the (composite) system in the time interval
[tk−1, tk], which represents the duration of the pulse. Details
of the calculations of the pulse durations can be found in ap-
pendix B.
The laser pulses shapes are generated by intensity modula-
tors where the slope of intensity increasing or decreasing are
limited by the intensity modulator bandwidth. For numerical
calculations, we consider a modulator with the rate 0.1 GHz
(This is a lower bound for the modulation bandwidth, the cal-
culations may be done with bigger ones). Furthermore, the
laser intensities are limited by the laser sources, which for
this example we assume 20 mW. Based on the conditions in
Eqs. (21) and (22), the control parameters, optimal poten-
tial Vij(tk) and its time derivative acquire their maximum and
minimum values which are summed up in some jump-wait
sequences, where the jumps are characterized by the bound-
ary values of (d/dt)Vij(t)—determined according intensity
modulator’s bandwidth. We also note that restricting the laser
pulse to a maximum value leads to some wait in the pulse
shape.
Figure 6 shows the result for pulse shapes and durations.
By applying the pulse train, the system is totally in tunneling
levels, thus tunneling is possible. Since tunneling is a proba-
bilistic phenomena, the system should spend sufficient time in
the unbounded tunneling levels in comparison to the transition
time from the tunneling levels to the lower levels in this state
to experience tunneling; otherwise, the system decays to the
stable states and dissociation does not happen. Although the
essential time for dissociation is unspecified in this method,
we use less energy than the step size to decompose the com-
posite system. However, this uncertainty in time is consider-
ably small, as estimated above.
VI. SUMMARY
We have introduced a physically motivated and general def-
inition for binding energy of bipartite quantum systems. In the
making, we used a time-dependent potential to offset the inter-
action Hamiltonian and remove work-generating correlations
between the subsystems. In this step, some physical consid-
erations are taken into account. The potential V (t) cannot
be specified in general and is case dependent. For some sys-
tems, we may make the interaction Hamiltonian itself time-
dependent to reset it to zero. If the system is endoergic, we
need to spend a primary energy and, then, by passivating the
system part of the spent energy returns to the agent. Finally,
we have extended the definition of binding energy for proba-
bilistic events, and through an example demonstrated that the
probabilistic dissociation may be induced by quantum tunnel-
ing.
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Appendix A: Minimum dissociation time tf
Our calculation is based on the group factorization and Pon-
tryagin’s maximum principle. The Lie group decomposition
of a unitary operator can be employed to obtain the optimal
control signal. There are several methods for group decom-
position. Here we employ the planar rotation decomposition
discussed in Ref. [30]. A laser pulse of the following form is
applied to the system:
fk(t) = 2Ak(t) cos(ωkt+ φk), (A1)
in which Ak(t) is the pulse envelope, ωk is the frequency of
the transition |Φ[D]k 〉 → |Φ[D]k+1〉. The system interacts with the
applied laser field through its dipole moment, thus the inter-
action Hamiltonian (under some conditions) is given by
Hk(t) = DkkAk(t)
[
ei(ωkt+φk)|Φ[D]k 〉〈Φ[D]k+1|+ h.c.], (A2)
where “h.c.” denotes Hermitian conjugate, and Dij =
−e〈Φ[D]i |xˆ|Φ[D]j 〉 is the dipole moment of the electron tran-
sition |Φ[D]i 〉 → |Φ[D]j 〉 caused by the laser pulse, with e being
the electron charge and xˆ the position operator.
Let us consider the following anti-Hermitian matrices as a
basis for the su(d) Lie algebra:
SˆRm,n = |Φ[D]m 〉〈Φ[D]n | − |Φ[D]n 〉〈Φ[D]m |, (A3)
SˆIm,n = i(|Φ[D]m 〉〈Φ[D]n |+ |Φ[D]n 〉〈Φ[D]m |), (A4)
Sˆm = |Φ[D]m 〉〈Φ[D]m | − |Φ[D]m+1〉〈Φ[D]m+1|, (A5)
where 1 6 m 6 d−1 andm 6 n 6 d. It is straightforward to
see that Xˆk := SˆRk,k+1 and Yˆk := Sˆ
I
k,k+1, 1 6 k 6 d, suffice
to generate the Lie algebra L0 ⊂ su(d), which contains the
generators Xˆk and Yˆk for 1 6 k 6 d − 1. One can show
that if the Lie algebra L0 contains one of the pairs (Xˆ1, Yˆ1) or
(Xˆd, Yˆd), then it must contains all the other generators. Using
this, starting from any level in an atom, you can go up or down
step-by-step to reach the desired level.
The sequences in which the fields should be turned on and
off are obtained by decomposition of U(t) into a product of
generators of the dynamical Lie group,
U(t) = U0(t)UKUK−1 . . .Uk . . .U1. (A6)
with U0(t) = e−itH . In the interaction picture and by apply-
ing the rotating-wave approximation, the interaction-picture
Schro¨dinger equation becomes
∂UI(t)
∂t
=
∑M
k=1Ak(t)Dkk[Xˆk sinφk − Yˆk cosφk]UI(t).
Then if we apply in the interval tk−1 6 t 6 tk a resonant
pulse, then one can see that UI(tk) = UkUI(tk−1), where
Uk = eCσ(k)[Xˆσ(k) sinφk−Yˆσ(k) cosφk], (A7)
with
Cσ(k) = Dσ(k)σ(k)
∫ tk
tk−1
Aσ(k)(t) dt (A8)
and σ(k) being a mapping from the index set {1, . . . ,K} to
the control index set {1, . . . ,M} that specifies the control Ak
which is on in the time interval [tk−1, tk]. Here K is the opti-
mal number of the dipole transitions, and M is the number of
possible dipole transitions in the (composite) system.
Appendix B: Optimal pulses for the example of Sec. V B
As explained in the previous appendix, we need to decom-
pose the unitary evolution operator into a product of unitary
operators each of which is illustrative of a laser pulse which
interacts with the dipole moment associated to a specific pair
of consecutive levels of the Hamiltonian of the composite sys-
tem. Each pulse is a d × d matrix (in the {|Φ[D]i 〉}di=1 basis)
with a nontrivial 2× 2 block whose elements are specified by
the dipole moments of the transitions |Φ[D]k 〉 → |Φ[D]k+1〉,
I
cos(Cm) ie
iφm sin(Cm)
ie−iφm sin(Cm) cos(Cm)
I
 , (B1)
9where Cms are given by Eq. (A8) and φm is the phase of the
pulse.
To find the pulse sequence, we shall follow the steps of the
algorithm introduced in Ref. [30]. Here the target unitary
operator is given in Eq. (30), which can be written in the
{|i〉}4i=1 basis as
U =
0 0 1 00 0 0 11 0 0 0
0 1 0 0
 . (B2)
We now should find some unitary matrices of the form
(B1) whose multiplication by U results in the identity,
WK . . .W2W1U = I. In the first step, the last column of
U should be transformed to (0 0 0 1)T . This can be done by
a pulse inducing the transition between levels |2〉 and |3〉, fol-
lowed by another pulse between levels |3〉 and |4〉. The tran-
sition between levels |2〉 and |3〉 can be shown by a matrix of
the form
W1 =

1
cos(C1) ie
iφ1 sin(C1)
ie−iφ1 sin(C1) cos(C1)
1
 . (B3)
To find the unknown parameters in these relations C1 and φ1,
we should use the column vector on which the pulse is applied.
For example, consider the last column of Eq. (B2), for which
we have
W1(a1 a2 a3 a4)
T = (0 1 0 0)T , (B4)
thus a2 = r2eiα2 and a3 = r3eiα3 which leads to C1 =
− cot−1(−r3/r2) and φm = α2−α3 +pi/2. Next, we should
apply these two matrices on U and look for some matrix that
results in the following vector for the third column: (0 0 1 0)T .
The rest of the pulse sequence may be calculated in a similar
fashion, from which U = W †1 . . .W †4 .
To find each pulse duration, due to Eq. (A8), the area cov-
ered by a pulse in an amplitude-time plot can be calculated,
tm − t′m = Cm/(AmDmm), (B5)
in which tm is the pulse duration and t′m is the time for the
laser pulse reaches its maximum—which is specified by the
modulator. The optimal pulse shape has been represented in
Fig. 6.
